Abstract. We show that any semialgebraic set admits a semialgebraic triangulation such that each closed simplex is C 1 differentiable. As an application, we give a straightforward definition of the integration X ω over a compact semialgebraic subset X of a differential form ω on an ambient algebraic manifold, that provides a significant simplification of the theory of semialgebraic singular chains and integrations. Our results hold over any (possibly non-archimedian) real closed field.
1. Introduction 1.1. We mainly work on the category of semialgebraic sets and maps over the real number field R, although our argument goes well in a more general category, called X in [8] , over a general real closed field. First we explain a convention of terminologies which will be used throughout the present paper. Let X ⊂ R m and Y ⊂ R n be semialgebraic sets, i.e. subsets defined by finitely many polynomial equations, inequalities and Boolean operations; a semialgebraic map X → Y is a map whose graph is a semialgebraic set in R m × R n . A subset X ⊂ R m is a locally semialgebraic set if for any compact m-disk D in R m , X ∩ D is semialgebraic; a map X → Y is called locally semialgebraic if for any compact semialgebraic subset X of X, the restriction to X is a semialgebraic map. Note that locally semialgebraic does not imply semialgebraic. Because we systematically deal with possibly non-compact spaces, we use the notion semialgebraic to mean locally semialgebraic in the above sense, unless specifically mentioned. Instead of this category, we may work on the category of subanalytic sets and maps or more generally an X-category with Axiom (v) in [8, II, p.97] .
Let k be an integer. A semialgebraic C k map X → Y is the restriction of a semialgebraic map of class C k from some semialgebraic open neighborhood of X in R m to R n ; in fact, we can extend it to R m → R n by multiplying a semialgebraic C k function φ on R m such that φ = 1 on X and φ = 0 outside of a smaller closed neighborhood (cf. [8] ). In the present paper, a semialgebraic triangulation of a locally closed semialgebraic set X means the pair of a locally finite simplicial complex K and a semialgebraic homeomorphism f : |K| → X, where |K| is the polyhedron in some Euclidean space as the geometric realization of K. As well-known, such a semialgebraic triangulation always exists (see Theorem 2.2 below). It is actually possible to take (K, f ) so that f (Int (σ)) is a C k manifold and f | Int (σ) is a C k diffeomorphism for each σ ∈ K (where Int (σ) is the interior of σ and k ≥ 1), however we here do not require any regularity of C 0 manifolds f (Int (σ)) in our definition of semialgebraic triangulation. Instead, we are concerned with the differentiability (the regularity) of f (σ) along the boundary ∂σ. Our main theorem is the following: Theorem 1.1. For a locally closed semialgebraic set X, there exists a semialgebraic triangulation (K, f ) so that the map f : |K| → X is of class C 1 .
We call (K, f ) in the theorem a semialgebraic triangulation of X with C 1 realization. It follows that f (σ) is a semialgebraically homeomorphic to the closed simplex σ ⊂ |K| and the differential d(f | σ ) exists and is continuous on σ, while as a cost for that, d(f | σ ) may drop the rank along the boundary ∂σ and some smaller dimensional semialgebraic subset of Int (σ).
The proof is quite elementary, only using standard techniques such as triangulation, tube and the curve selection lemma (some basic facts are summarized in Section 2), so it would be completely readable even for non-experts. It will be described in the case over R, but will carefully be done to be valid for any general real closed field R. Therefore, Theorem 1.1 is true in the context of X-category (or o-minimal category) over any R. Furthermore, our argument fits with the framework of a wider class of sets, called piecewise algebraic spaces, introduced in [6] (Remark 3.7).
There remain some open questions. For instance, we do not know whether or not f can be of class C k (2 ≤ k ≤ ∞ or k = ω); whether or not we can choose f so that the restriction to Int (σ) is a semialgebraic C 1 embedding for each σ ∈ K. As known, any Whitney stratified set is triangulable, so it would be natural to ask if the realization map f can be of C 1 ; it, however, seems not true in general, for our proof heavily depends on the semialgebraicity.
1.2.
We discuss an elementary application in differential geometry. Let M be a semialgebraic manifold and X a compact semialgebraic subset of M (p = dim X). Take a semialgebraic triangulation (K, f ) of X with C 1 realization. Here K is a finite simplicial complex. For a differential p-form ω ∈ Ω p (M ) and a p-simplex σ ∈ K, the integral of ω on σ is defined in an obvious way by
because the map f | σ : σ → M is of class C 1 (the integral is often written by σ ω for short).
Suppose that X has the Z-fundamental class. Put
ω where the sum runs over all p-simplices σ in K with suitable orientation so that they form the fundamental cycle. It is almost obvious that the value X σ does not depend on the choice of (K, f ) of X (Theorem 4.1). Cosequently, the theory of integration of differential forms over semialgebraic sets can be treated in entirely the same manner as in the case of manifolds -that simplifies the treatment of semialgebraic chains and integrations, without using the geometric measure theory [2, 3, 4, 5, 6 ] (Remarks 4.3, 4.4). We remark that our definition of X ω works over not only the real number field R but also any possibly non-archimedian real closed field R. Then the value of the integral does no longer stay in the same field R, but exists in a (larger) saturated field, see [7] . In particular, the volume of a bounded definable set in R m is bounded within R (Remark 4.5).
1.3. This work was originally motivated by a question of Tatsuo Suwa about the definition of X ω using triangulation. The authors thank him for guiding them to this problem and for useful discussion. The first author is partly supported by JSPS grant no.24340007, and the second author is supported by JSPS grant no.26400084.
Preliminary
We summarize some basic facts in semialgebraic geometry, which are also valid without any change for the locally semialgebraic setting in our sense. We simply say semialgebraic to mean locally semialgebraic, unless specifically mentioned.
, S is locally finite, and S satisfies the frontier condition, i.e., for each X i , the closure X i is a union of X i and some X j ∈ S of smaller dimension. We say that S is compatible with a family A of subsets of X if for each stratum V ∈ S and each A ∈ A, it holds either V ⊂ A or V ∩ A = ∅. A semialgebraic C k stratification of a semialgebraic C 0 map f : X → Y is the pair of semialgebraic C k stratifications S of X and T of Y such that for each V ∈ S, f (V ) is a stratum of T and f | V : V → f (V ) is a semialgebraic C k submersion. We denote it by f : (X; S) → (Y ; T ). Such a semialgebraic stratification always exists (the statement can be more enhanced so that S and T satisfy the Whitney condition, but we do not need it later): Lemma 2.1. (Canonical stratification of maps [8, I. Lemmas 2.2, 2.6; 2.10, 2.14]) Let X be a semialgebraic set and k ≥ 1. Let X be a closed semialgebraic subset of X, S a semialgebraic C k stratification of X −X , and A a finite family of semialgebraic subsets of X . Assume dim X < dim V for any V ∈ S. Then there exists a semialgebraic C k stratification S of X compatible with A such that S S is a semialgebraic C k stratification of X. [1, 9] ) Let X be a locally closed semialgebraic set in R m and A a finite family of semialgebraic subsets of X. Then there is a pair of (K, h) of a locally finite simplicial complex K and a semialgebraic homeomorphism h : |K| → X so that {h(Int (σ)), σ ∈ K} is a semialgebraic C k stratification of X compatible with A. Table 1 . Curve selection lemma: the left is the ordinary case (V = {0}), and the right is the family version, where Z is depicted as a domain between two sheets of surface.
2.2.
Curve selection lemma. We will frequently use the following version of the curve selection lemma afterward. Let V ⊂ R m be a semialgebraic open subset. The ordinary curve selection lemma is the case of m = 0.
Then there is a non-empty semialgebraic open subset U ⊂ V which admits a semialgebraic C 0 map c : U × [0, a) → R n with some a > 0 so that c(x, 0) = 0 for x ∈ U , (x, c(x, t)) ∈ Z and |c(x, t)| = t for any t = 0, and c is of
Then ϕ is semialgebraic and the closure of Image (ϕ) contains V × 0. By applying to ϕ Hardt's theorem on the semialgebraic triviality of maps [4] (or X-isotopy lemma [8, II.6]), we see that there is a non-empty open semialgebraic C k submanifold Z 0 in Z with a semialgebraic homeomorphism
for some semialgebraic open subset U of V and some a > 0, and that ϕ • Φ coincides with the projection to the second factor. Take a semialgebraic C 0 section of ϕ| Z 0 :
and it is sufficiently C 0 -close to γ 1 . It follows from the construction that γ can be of the form γ(x, t) = (x, c(x, t)) with |c(x, t)| = t.
Proof -Panel beating
3.1. Panel beating. We will prove a bit more general statement.
Theorem 3.1. Let X be a locally closed semialgebraic set with a semialgebraic triangulation (K, f ), and ϕ : X → Y a semialgebraic C 0 map. Then there exists a semialgebraic homeomorphism χ of |K| such that χ preserves any σ ∈ K and the composed map
Theorem 1.1 is the case of X = Y and ϕ = id X .
Definition 3.2. We call χ a panel beating of the triangulation (K, f ) of X with respect to ϕ : X → Y .
Notice that in Theorem 3.1, χ can be chosen so that χ itself, f • χ and ϕ • f • χ are of C 1 simultaneously. In fact, we have Corollary 3.3. Let X and (K, f ) as above. Suppose that we are given semialgebraic C 0 maps
3.2. Proof of Theorem 3.1. Let X be a locally closed semialgebraic set in R m , which admits a semialgebraic triangulation (K 1 , f 1 ), and Y a semialgebraic set in R n . Let ϕ : X → Y be a semialgebraic C 0 map. By using a semialgebraic bump function, the map is extended to a semialgebraic C 0 map ϕ : R m → R n . Take the graph id × ϕ into R n := R m × R n , and denote it by f . Note that the map f : R m → R n is semialgebraic C 0 and proper. Also we extend K 1 to a simplicial decomposition (locally closed infinite simplicial complex) K of R m . To prove Theorem 3.1 it suffices to find a semialgebraic homeomorphism χ : R m → R m so that χ preserves any simplices of K and f • χ is of class C 1 .
By Lemma 2.1, there is a semialgebraic C 2 stratification S → T of f , such that each simplex in K is a finite union of some strata of S. The restriction of f on each stratum is of class C 2 by definition, so in particular f is of C 1 on the union of open strata. Now we use the downward induction on dimension d (≤ m − 1) of the 'bad subset' where f is not of C 1 : We will construct a panel beating χ around the subset so that f • χ is of C 1 off a smaller subset of less dimension. Clearly, it suffices to construct χ around each connected top stratum of the bad subset. Furthermore, we may assume that the stratum is semialgebraically diffeomorphic to R d (by subdividing S and T if necessary).
(Induction hypo.) Suppose that there is a stratum V R d of S, where S is a source stratification for f as above, such that f is of class C 1 over the complement R m − V .
Since V is a C 2 submanifold, the tangent bundle T V is of class C 1 . By using the orthogonal projection to T x V , we can obtain a semialgebraic C 1 tube T = (|T |, π, ρ) at V in R m as in [8, Lemma II.5.1] . Here |T | is a semialgebraic neighborhood of V in R m together with semialgebraic C 1 maps π : |T | → V and ρ : |T | → R so that
We choose T small enough so that 
.
We modify the tube T as follows. Let I = (0, 1) ⊂ R an open interval. Let η : V × I → I be a semialgebraic C 1 map such that I t → η(x, t) ∈ I is a diffeomorphism for each x ∈ V , η(x, t) = t for t ≥ For u = 0, setū := u/|u| ∈ ∂D. We then define a semialgebraic homeomorphism χ : |T | → |T | by
Lemma 3.4. The semialgebraic homomorphism χ preserves any σ ∈ K with σ ∩ V = ∅, and f • χ : R m → R n is a semialgebraic C 0 map and is of class
Proof. If V ⊂ τ and σ ∩ V = ∅, then τ is a face of σ or τ = σ; if y ∈ |T | ∩ σ and x = π(y), then the segment xy is in σ, hence χ(y) ∈ σ. Since π, ρ, η are of C 1 , χ is so over |T | − V . By the assumption that f is of C 1 off V , f • χ is also.
Lemma 3.5. We can choose η(x, t) such that for any 1 ≤ k ≤ m − d and for any x ∈ V ,
Proof. We show the first one. For sufficiently small t ≥ 0, we set
Note that f (x, tū) − f (x, 0) → 0 as x converges to a point in the boundary V − V , because d(g(x, tū), V ) → 0 by a condition of T and f is continuous, therefore g(t) is attained as the maximum. It is easily checked that g(t) is semialgebraic and continuous; in particular, g(t) → g(0) = 0 as t → 0. By the (ordinary) curve selection lemma, we see g(t) = O(t α ) with some positive rational number α. Put η(t) = t r 0 with r 0 > max{ 0) ) → 0 for any x andū. In particular, if one takes η(x, t) so that η(x, t) ≤ η(t), then any directional derivative of f • χ (= f (x, η(x, |u|)ū)) at (x, 0) exists, and it is actually zero. Next, we find such a function η(x, t) which also leads to the second claim. Since f and χ are of C 1 on T − V , there are semialgebraic C 0 maps A k (x, u) and B k (x, u) for each k such that
For x ∈ V and 0 < t < 1, set a(x, t) := min 1,
then a(x, t) is a positive semialgebraic C 0 function on V × I (I = (0, 1)). By using a partition of unity of V (which is locally semialgebraic in our sense), we can construct η(x, t) which satisfies η(x, t) ≤ η(t), 0 < η(x, t) < t · a(x, t) and 0 < ∂η ∂t (x, t) < t · a(x, t) for 0 < t 1. Then both η · |A k | and ∂η ∂t · |B k | are less than t = |u|, thus we have
, that implies the second claim. In fact, it is easy to find such a function locally. For a compact semialgebraic subset K ⊂ V , which is the closure of an open set of V , put a K (t) := min x∈K a(x, t); by the curve selection lemma again, we may write a K (t) = O(t α ) with some α ≥ 0; then we can take η K (t) = t r (r > r 0 ) so that η K and d dt η K are smaller than t · a K (t) near t = 0. By a bump function, it is extended to a diffeomorphism η K : I → I with η K (t) = t for t ≥ 1/2. To obtain η(x, t), it suffices to gather together such η K on K × I by mean of a partition of unity.
We fix η as in Lemma 3.5.
Lemma 3.6. There is a semialgebraic subset S of V so that dim S is strictly less than d = dim V , and that for any 1 ≤ j ≤ d and for any x ∈ V − S,
Proof. The first claim follows from that χ| V = id V . For the second, we set
which is continuous on V × D and of class
which is a semialgebraic C 0 function on V × (D − {0}). It holds that
and 0) is continuous by the assumption that f | V is of C 1 , hence it is enough to consider the condition that h(x , u ) → 0 as (x , u ) → (x, 0).
Let S be the subset of V consisting of x such that there exists a sequence of points (x , u ) ∈ V × D converging to (x, 0) with h(x , u ) not converging to 0, that is,
The 'bad set' S is semialgebraic; indeed, S is obtained by projecting a semialgebraic subset S in V ×R >0 consisting of (x, ) which satisfy the corresponding condition (i.e. ∀ δ > 0, ∃ (x , u ) such that |x − x| + |u | < δ and h(x , u ) > ). We show that S is of dimension < d = dim V . Suppose that dim S = d. There are several steps for deducing the contradiction.
(1) There is a (non-empty) semialgebraic open subset U 0 ⊂ S with a constant 1 > 0 such that for each x ∈ U 0 , there is a sequence of points (x , u ) ∈ V × D converging to (x, 0) with h(x , u ) > 1 . This is easily verified by applying Lemma 2.3 to the above semialgebraic set S ⊂ S × R; in fact, the closure S contains S × 0, hence there are U 0 and 1 > 0 so that
there is a non-empty semialgebraic open subset U 1 of U 0 which admits a semialgebraic C 0 map
for some a 1 > 0 so that u = c(x, t) is of C 1 for t > 0, and c(x, 0) = 0, t = |c(x, t)| and
(3) We show that all the derivatives
We use Lemma 2.3 again. Suppose that v(x, t) := |
is unbounded over any open subsets of the form U × (0, a). Take M > 0. Then for any x ∈ U 1 , there is a sequence of points (x , u ) converging to (x, 0) with v(x , u ) > M . Let 
Since c(x, t) is continuous at t = 0, taking the limit t → 0,
However, c 1 (x, 0) = 0 for any x ∈ U , that makes the contradiction. Repeating the same argument for all j, k, the claim is proved.
(4) Without loss of the generality, we may assume that the partial derivative of the first component function of F with respect to the first coordinate of V satisfies
If not so, then for each i, j, it holds that for any x ∈ U , there is a sequence (x , t ) → (x, 0) with
Hence by applying Lemma 2.3 again, we find a (common) small positive number a so that
which is of C 1 off t = 0. By the chain rule, we have
is bounded by (3) above, the sum in the right hand side converges to 0 as t → 0 by Lemma 3.5. Therefore, there is a smaller connected neighborhood U and 0 < a < a such that ∂φ
(6) We use the same idea as in (3) . Suppose that ∂φ ∂x 1 (x, t) > on U × (0, a ) (otherwise replace φ by −φ). Take a segment in U given by γ(s) := b + (s, 0, · · · , 0) (0 ≤ s ≤ δ, b ∈ U ) with a sufficiently small δ > 0. Then
Since φ(x, t) is continuous at t = 0, taking the limit t → 0,
However, for any x ∈ U ,
that causes the contradiction. This completes the proof.
Proof of Theorem 3.1: From the above Lemmas 3.5 and 3.6,
thus f • χ is of class C 1 on the complement to (V − V ) S. The bad subset is semialgebraic and of dimension less than d = dim V . By Lemma 3.4, χ preserves K. By applying Lemma 2.1 again we obtain a stratification of f • χ : R m → R n which subdivides K and the bad subset, hence the induction step is verified. This completes the proof of Theorem 3.1.
Remark 3.7. (PA spaces) In Theorems 1.1 X is assumed to be embedded in R m , but the global embeddability is not needed essentially, because key lemmas in the proof deal with local problems. Indeed, our argument fits with the framework of (possibly non-compact) piecewise algebraic spaces introduced by Kontsevich-Soibelman [6] ; a PA space is a locally compact Hausdorff space X = X α made by glueing countably many compact semialgebraic sets X α via semialgebraic homeomorphisms on constructible subsets X α ⊃ X αβ → X βα ⊂ X β . In the same approach, we can see that any PA space admits a (PA) triangulation with C 1 realization so that the (locally finite) simplicial complex is locally realized in some R m .
Semialgebraic chains and integrations
4.1. Integrals of differential forms. Let M be a semialgebraic manifold, X a compact semialgebraic subset of M (dim X = p) with a semialgebraic subset ∂X ⊂ X so that ∂X is locally the boundary of the regular part X reg around each regular point of ∂X. Assume that X has a fundamental class µ X ∈ H p (X, ∂X; Z), i.e. i * µ X generates H p (X, X − x; Z) Z for any regular point x ∈ X reg − ∂X with inclusion i : X − x → X. Let (K, f ) be a semialgebraic triangulation of X with C 1 realization as in Theorem 1.1. Then for each simplex σ ∈ K, f | σ : σ → X is a semialgebraic C 1 map. The chain σ of all p-simplices in K with suitable orientation represents µ X ; we define the integral over X of a differential p-form ω on M by
We show that the integral does not depend on the choice of (K, f ). Let (K 1 , f 1 ) and (K 2 , f 2 ) be semialgebraic triangulations of X with C 1 realization. Obviously, there is a semialgebraic homeomorphism τ : |K 1 | → |K 2 | with f 1 = f 2 • τ . Applying Lemma 2.1, we have a stratification for τ , and let A be the set of strata of the source stratification of τ , σ ∈ K 1 and τ −1 (σ ) of σ ∈ K 2 . By Theorem 2.2, we can find a semialgebraic triangulation (K, φ 1 ) of |K 1 | compatible with A. Set φ 2 = τ • φ 1 : |K| → |K 2 | and g = f 1 • φ 1 = f 2 • φ 2 : |K| → X. Notice that any simplex of K j (j = 1, 2) is the union of the image of finitely many simplices of K via φ j . By Corollary 3.3, there is a common panel
, then f is of C 1 , for f j and φ j • χ are so. We call the obtained triangulation (K, f ) of X a common C 1 refinement of (K 1 , f 1 ) and (K 2 , f 2 ).
The integral X ω is well-defined, i.e. it does not depend on the choice of the semialgebraic triangulation of X with C 1 realization.
Proof. Let σ : ∆ p → X be a semialgebraic C 0 map. By a panel beating, we may assume that σ itself is of C 1 . Let (K, h) be a semialgebraic triangulation of ∆ p with C 1 realization. Then h : ∆ p = |K| → ∆ p is a C 1 map which is diffeomorphic off a measure zero subset, thus we have
By using a common C 1 refinements of triangulations, the assertion immediately follows. Proof. It is the same as in the smooth case.
The above argument is also applied to the case of non-compact X and compact supported ω. We can also work on subanalytic sets or more generally X-sets (see Remarks below); in particular, the same treatment is available for complex analytic sets and integrations of (p, q)-differential forms.
Remark 4.3. (Semialgebraic currents) Our integral X ω over a compact semialgebraic set X coincides with the integral as a semialgebraic current in geometric measure theory [2, 3, 5] . The key point in the theory is that X has a finite volume, hence the integral over the interior absolutely converges. Subanalytic currents are also available. However, the theory of currents is unclear for a more general setting such as the category of X-sets or o-minimal category over any real closed field, while our approach does not have any trouble in such a general context. [6] the foundation of semialgebraic differential forms on semialgebraic sets, more precisely PA forms on PA spaces, has been introduced for the use in proving the formality of little cubes operads; in particular, as an analogy to the de Rham algebra of differential forms on smooth manifolds, the algebra of PA forms encodes the information of the real homotopy type of the space. A full detailed argument in the case of compact semialgebraic sets has been given in [5] using the theory of semialgebraic currents. In our approach using panel beatings, it seems highly possible to establish the theory of PA forms on possibly non-compact PA spaces with a less number of technicalities. n (X), which exists in some saturated field containing R. However, the argument about the saturated field is quite complicated, so we do not discuss it here. See [7] for the detail.
